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1 Introduction

Leibniz algebras are relatively new, and have played a significant part in
mathematics in the recent years. They were introduced by J.-L. Loday [15]
as a generalization of Lie algebras. A finite-dimensional Leibniz algebra is a
semisimple Lie algebra adjoined by a semidirect sum with a solvable radical
[5]. Solvable can be divided into two parts, nilpotent and non-nilpotent. For
solvable Leibniz algebras there are many classifications for various types
of nilradicals, including Heisenberg nilradical [6], nul-filiform [9], filiform
[8], naturally graded filiform [2] 10, [14], direct sum of null-filiform algebras
[13], quasi-filiform [l [7, 12], and trianglular [II]. We will consider the
non-nilpotent Leibniz algebras whose nilradical has characteristic sequence
(mq,m2, m3) and complementary subspace has maximal possible dimension.

Our inspiration for this paper is derived from a paper which describes
solvable Lie algebras which nilradical N and C(N) = (my,ma,...,my) for
an arbitrary k [3]. We have begun to extend this case for specific Leibniz
algebras. Actually, we focus on Leibniz algebras with a nilradical N has
characteristic sequence (my, mg, m3). Our main results give the classification
of the type of these algebras and the description of some its properties.
Namely, we have that the first group of cohomologies of such algebras are
trivial, and that said algebras are centerless. These results allow us to hope
that the general case, as in [3], can be reached for Leibniz algebras case too.

In this paper we have finite-dimensional algebras and vector spaces over
the field of complex numbers. It is to be assumed that omitted products
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are equal to zero and any solvable algebra is not nilpotent unless otherwise
noted.

2 Preliminaries

In this section we give definitions and preliminary results that are necessary
in this paper, also found in [I], @, [15].

Definition 2.1. A vector space with a bilinear bracket (L,[—,—]) over a
field F is called a Leibniz algebra if for any z,y, z € L the Leibniz identity

[[m,y},z} - [58, [y,z]] - [yv [:C’ZH

From the Leibniz identity, we have that the elements [z, z], [z, y] + [y, ]
for any z,y € L are in Ann,(L) = z € L|[y,z] =0 for all y € L, where
Ann,.(L) is referred to the right annihilator of L, additionally, we have that
Ann,(L) is a two-sided ideal of L. We also have another two-sided ideal
Center(L)=x € L | [z,y] = [y,z] =0, for all y € L, which is the center of
L.

Definition 2.2. A linear map d : L — L of a Leibniz algebra (L, [—, —]) is
said to be a derivation if for all x,y € L, the following condition holds:

d([z,y]) = [d(z),y] + [z, d(y)].

For a given element x of a Leibniz algebra L, the right multiplication
operators R, : L — L, R.(y) = [y, z], y € L are derivations (similarly, for a
left Leibniz algebra, the left multiplication operators £, : L — L, L.(y) =
[z,y],y € L, are derivations). These are referred to as inner derivations
and denoted by Inner(L). All other derivations are said to be outer. R(L)
has a structure of Lie algebra by way. of the bracket [R;, Ry] = RsRy —
RyRz = Ry, Additionally there exists an antisymmetric isomorphism
between R(L) and the quotient algebra L/Ann,(L).

Definition 2.3. A Leibniz algebra L is said to be nilpotent (respectively,
solvable), if there exists n € N (m € N) such that L™ = 0 (respectively,
LM =0).

Definition 2.4. The nilradical of a Leibniz algebra is defined to be the
maximal nilpotent ideal of the algebra.



On solvable Leibniz algebras whose nilradical ... 3

For an element of L\ L? we consider the Jordan form of the linear map,

Im, 0 ... 0
0 Ty ... O
0 0 .. T

We define ¢(z) = (n1,na, ..., n;) where ny > ng > -+ > ny, for some k € N.
The characteristic sequence of L is defined to be

C(L) = max C(x) for x € L\ L*.

For the definitions and preliminary results on cohomologies of Leibniz
algebras we refer to [4, [16]. Here we give only definition of HL'. In fact,

HL' = Der(L)/Inner(L).

3 Main Results

We consider the Leibniz algebra with characteristic sequence ¢(N) =
(m1,ma2,m3) and basis {e1,...,€m, f1,- ) fmgs 91y - -, Gms }, Where my >
ms > mg > 1. This algebra is defined by the following products:

[e;,e1] = eip1, for1<i<my—1,
[fire1] = fix1, for 1<i<mp—1,
[gise1] = giv1, for 1 <i<mg—1.
Proposition 3.1. Any derivation of this algebra have the following form:

A1 Ay As
By By Bj
Ci Cy Cs

where Ay, Ay, Az, By, By, Bz, C1, Cy, C5 are block matrices defined as
follows with dimensions, mq, X my1, mq X mg, My X M3, Mg X M1, Mg X
mao, Mo X M3, M3 X myp, M3 X my, M3 X M3, respectively.

mi—1mi—1 mo Mmo—1
E 1o 1B + E g o141 B4, Az = E E 4155 iy,
=1 =1 i=1 t=0

m3 ms3— 7

A3 =" asii1Eiise,

i=1 t=0
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mao mo—i+1 ms3 ms3z—1

Bi=> > Bimi-mttBim-morts Bs=Y_ Y Bair1Fiits,

i=1 t=1 i=1 t=0
mao mao mzf’i

By=>) ((i—Vona+Ba1)Eii+ Y Y Pars1Biige,
=1 =1 t=1

m3 m3z—i+1 m3 m3g—i+1

Cl = E § Vl,ml—m3+tEi,m1—M3+t7 02 = E § 72,m2—m3+tEi,m1—m3+t7

i=1 t=1 =1 t=1
m3 ms3 ms3—1t

Cs =Y ((i—Vari+1)Eii+ Y > wer1FBiite
i=1 i=1 t=1

Proof. Let the following be the decomposition in the algebra basis of a
derivation d on the generators of the algebra.

maq ma ms3
dey) = Z aq e + Z oo fi + Z 03,593,
i=1 i=1 i=1
ma ma m3
d(f1) = Zﬁl,z’@i + Z Ba,ifi + 253,1'91‘7
im1 i—1 i=1

mi mo ms
d(g1) =Y maiei+ Y vaifi+ Y V3.0
=1 i=1 =1

We proceed by using the property of a derivation to find constraints on

the coefficients

d(e2) = d([e1, e1]) = [d(e1), e1] + [e1, d(e1)]

ma mo ms3
= [E o e + E ag;fi + E asig;,e1]+
i—1 i=1 i=1
mi m2 ms3
le1, E Qi€ + + E agifi + E a3,igi]
i=1 i=1 i=1
mq mo m3
= 2aq,1€2 + g 1516 + g agi—1fi + g Qs i—19;-
i=3 i=2 i=2

By induction and the derivation property, we derive

d(el) = d([ei,l, 61]) = d([eifg, 61], 61]) = d([eg, 61]7 61}7 ], 61]). (31)
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From (3.1) we have equalities

my
d(e;) =iaiiei+ Y, aij-iy1€+
j=it1
ma2 ma3 i
+ 20 ozt fi+ 30 asj-iv1gy, 1 <0< mg,
J.:l = . |
dle;) =itdonpei+ Y, aijiyiej+ Y a1 fj, ma+1<i<mg,
j=it+1 j=i
my
d(el) = Z.Oé1$1€i + Z Qp,j—it1€5, M2 + 1 <1< my.
j=ir1
Consider
my mo
= d([e1, f1]) = [d(e1), f]+]e1, d( 617251161-%2521]2-#253 i9i] = Br,1€2.
Hence 31, = 0.

d(f2) = d([f1,e1]) = [d(f1), e1] + [f1,d(e1)]
= [Z B1.iei + Z/BQ,ifi + Zﬁs,igi, el] + [f1, Zal,iei + Za2,ifi + Za&igi]
; , ; 4 , pt

—Zﬁlz 16 + (a1,1 + B2,1) 2+Zﬁ2z 1fz+253z 19i-

=3 =2

According to the equality (3.1]) for basis elements f; we get

a(fi) = Ti Prj—itre; + (i = Dary + f2,1) fit
=i
"’J %:1 Ba,j—i+1f5 + Z B3j—it19i, 1 <@ < mg,
a(fi) = 2151,]'—1:+1€j + ((l — Do+ Bop) fit
=i
“f Baj—it1fiy m3+1<i<my.
j=itl

From

0= d([fmz’el]) = [d(fmz)vel] [fmzad(e )] =
Z ﬁlxj*szrlej + ((m2 - 1)(11 1+ ﬁ2 1 fmzael Z Bl,g m2€j5

Jj=ma+1 j=mo+2
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we obtain 81+ =0, 2 <t < my —ma.
Similarly to before, we conclude v;; = 0. Applying the equality (3.1)
for basis elements g;, 1 < ¢ < mg we have

m3

Z M, j—i+1€; +Z’Y2,j i1 S5+ (=g +73,1)9: + Z V3,5—i+195-
Jj=i+l j=i+1

Analogously, we consider

0= d([gm3,61 Z V1,j—ms+1€5 T Z V2,5— m3+1fj

j=ms+1 j=ms

+((m3_1)0¢11+731 gmdael Z Y1,5-ms€j T+ Z V2,5 — m3f]
Jj=m3z+2 Jj=m3+1

Thus, we have v, =0 for 2 <t <m; —mg and v, =0for 1 <t <
mo — Ms3.

O

For solvable Leibniz algebras with nilradical N and dimension of
complemented space of nilradical to an algebra is equal to s, we shall use
the notation R(N, s).

For a solvable Leibniz algebra R with nilradical N =
{e1,- -y emys f1s- s fmas 15+, 9ms}  Wwe  obtain  a  description
of R = N & @ with dim @ = 3. Thus, we assume that
{1y - slmys f1ye oy frmas G1y - -+ s Gms» T1, T2, T3} be a basis of R(N, 3).

Theorem 3.2. An arbitrary algebra of the family R(N,3) is isomorphic to
the following algebra:

leise1] = eit1, 1<i<mi—1, [fi,e1] = fira, 1<i<mg—1,
[9i> e1] = Git1, 1<i<mz—1, [e,x]=ie, 1 <i<my,
[fi,o1] = (= 1)fi, 2<i<my, (9, 71] = (1 — 1)gi, 2 < i< ma,
[fi, 2] = fi, 1 <i<mag, [9i, 73] = gi, 1 <i<ms,
[$1761} = —€

Proof. Consider the matrix from of a derivation from the case given
in Proposition Since parameters o 1, (2,1, ¥3,1 are in the diagonal,
from [I, Theorem 3.9] we get only three nil-independent derivations which
correspond to the values of (a1,1,02,1,7s,1) as (1,0,0), (0,1,0), (0,0,1). We
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denote these derivations as Rs,, Ra,, Ra, respectively. This gives us the
following products,

les, v1] = ey, 1 <@ <my,
izl =(—=1)fi, 2<i<mge, [gix1]=(i—1)g;, 2<i<mas,
[fisz2] = fi, 1<i<me, [gi,23] = gi, 1 <i<ms.

We introduce denotations

i, e1] = Zdifeﬂrz fft+Zd“gt,1<z<3
xufl Zd12€t+2d ft+zdz2gt’ 1<Z<3

24, g1] Zdl et+2d2§ft+2d33gt, 1<i<3.

Taking into account that [a,b] + [b,a] € Anng(R) Ya,b € R we deduce

0= [e1, [x1,e1] + [e1, 21]] = dy'1ea + e2 = (di'] + 1)ea,
0 = [er, [, e1] + [e1,24]] = d;llleQ, 1<4<2,
0= [er, [z, fi] + [fr,@il] = dyea, 1<i<3,
0= [er, 25, 01] + [g1, 2] = dgea, 1<i<3.

Hence, dy'y = —1, dyy =dgi =d;} =0, 1<i<3, 1<5<2
We set

l'“l’j Z§1j6t+ZCZ,jft+Z,uz]gta 1<7/]<3

Consider the change of basis

Zdlt-&-l‘ Zd2t+1f1 Zd3t+1g“ 1<i<3.

Then
[z1,e1] = —e1 + dl 132 + d1 1fl + d1 191a

[.’EZ‘, 61] = d37’12€2 + di,’llfl + di’llgl, 1< <2
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Considering the Leibniz identity for the triples of elements
{er, zi, 2}, 1 <i <3 wehave (!, =0, 1<4<3.
Next, we consider

0= [[z1, e1], 21] — [[z1, 1), 1] — [, [er, 1] = [—e1 + dy Teat

+dP L fi 4 dg, @] — Zfl 1€t+ZC1 1ft+ZH1 19t: €1] — [z1, eq]

= —€1 —|— 2d1 162 Zgl 1 €t — Z Ci_llft_
t=3 t=2

m3
t—1 12 21 31
- E Pia gt +er—dijes —diifi —diig
t=2

mo msa
t—1 t—1 1,2 2,1 3,1
= 251 16t~ ZCm fe — Z“Ll ge +dives —di fr —dyign
t=2 t=2
From this we have
[zlael] = —¢€1, [I17I1] = 5?}1161’/“ + C{?ffmz +:u’717j%gm;3

We now consider the Leibniz identity for triple elements
{2, €1, 22}, {963,61,963}7 {x;,e1,2;}, 1 <i# j <3. Then we obtain

2,1
21—521’ :fé,p di’lzd“—O 2<4<3,
&= Sj—mu 51,1:55,]:0, 2<i,j<3,2<t<m—1,
gl: ¢ _47]: , 2<i,j<3, 1<t<ms—1,
lu‘l,i M_],li//lllhjio’ QSZ,]S-?), 1§p§m3*1

Thus,

(25, e1] = d; Ter, <i<
[xl’xl]_dzlel+§1e7711+€ fﬂ’L2+:uzlgﬂ’L37 2SZ§37
[Izax]] = fi)j €m, + Cm‘ Jma +,Ui,j Gmg, 1 <1<3, 2<j<3.

From the Leibniz identity for triple elements

{mlafhx?}; {mi7f1awl}7 {-Tj7€1af1}7 1 S ) S 37 2 S ] S 3 we
deduce

Using the same arguments for g; we get [z;,g1] =0, 1<4<3.
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In efforts to further simplify the products of [z;, z;] for 1 <4,j < 3 we
use the Leibniz identity to the following products:

0 =[x1, [z1,22]] = [[71, 21], 22| — [[71, T2], 1] =

= n?ffmz - mlgTQIeml - (m2 - 1)Cflg2fm2 - (m3 - 1):“’??591%3'
Consequently,
{'}f:(m2_1) {?22? T21:0? MTSZO'

Hence7 [xla 1’2} = Cfgf’mz + lug_rfggm?,

Consider
0= [z1, [z2, 3]] = [[21, 22, 23] — [[21, 23], 22] = 173 Gy — (15 i
0 = [w2, [x3, x2]] = [[x2, 3], x2] — [[w2, ®2], 23] = (35 fms — H2,20ms-

Therefore, we get
(21,22 = (15 fma,  [21,23] = &3 emy + 173 Gms,
(T2, 73] = &3'3emy + Hns,  [T2,22] = E&5'5€my + (35 fmy-
Let us take the change of basis element x; as follow

m m m
P gi,f B Ci,f _ ,ui,ls g 1<i<3
‘ 7”/L1—].7n1 m2—1m2 m3—1m3’ - =7

It is easy to see that under the above change we get [z;,2;] = 0, 1 <
1< 3.

We now consider the Leibniz identity for triple elements {x;,z;, 21}, 1 <
1 <3, 2 <5 <3, then we deduce

[x1, 2] = [21, 23] = [72, ¥2] = [22, 23] = [73, T2] = [23, 73] = 0.

So, we obtain [z;,z;] =0 for 1 <i,j < 3. O

In order to start the description we need to know the derivations
of solvable Leibniz algebras R(N,3) whose nilradical has characteristic
sequence (mq,ms, ms3).
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Proposition 3.3. Any derivations of the algebra R(N,3) have the following
matriz form:

A 0 0 O
0 B 0 O
0 0 C 0|’
D 0 0 O

where A, B,C, D are block matrices of the sizes m1 X my1, ma X ma, mg X
ms, 3 X my, respectively and defined as follows

mi—1
A E Zal 1E12+ § a12E27,+17

=1 i=1

mo— 1

B = E 1—10411+521E”+E a19F; 41,

i=1 i=1

m3— 1
C= E (t—1or1+731) “+E a12€ 41, D=—ai2F;.

=1 =1

Proof. Let us introduce denotations

ma mao m3
d(er) =Y aniei+ Y anifi+ Y a5igi + 0aTy + asTa + ats,

i=1 i=1 i=1

d(fr) = Brici+ > Paifi+ Y Baigi + Pawr + Bswa + Bews,
z:ll l:21 1:31

d(g) =Y viiei+ Y Yaifi + Y V3.ii + Va1 + 172 + Y63,
i=1 i=1 i—1
mi

d(x1) = Z d1ie; + Z d2i fi + Z 03,19i + 041 + 0522 + 63,
i=1 i—1 =1
mi ma m

3
d(ws) = &riei+ Y &ifi+ Y &sigi + &amr + &5z + Lo,
=1 =1 =1

ma mao m3
d(x3) =Y pisei+ Yy poifi+ D 13igi + a1 + fss + HeTs.

i=1 i=1 i=1

We begin by considering the derivation property to obtain the
description. First, we focus on products that will simplify the derivation
of d(.Il)
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In fact, from
d(e1) = d([e1, 71]) = [d(e1), x1] + [e1, d(x1)]

we get d(er) = [d(e1), @1] + [ex, d(1)].
Consider

0= [d(e1), 1] + [e1, d(21)] — d(ex)
mi ma2 m3
=Y (i —Vayei+ Y (i —2)asfi+ Y (i —2)asgi+
i=3 i=3 i=3
+ 01162 +64€1 — a4 — Q5T — T3,
From the above computations, we obtain

d(e1) = a11€1 + aq 262 + a2 fo + a3 292,
ma mao ms3a

d(zq) = Z drie; + Z d2i fi + Z 03,i9; + 0522 + dgx3.
=1 =1 =1

Notice that [f1,x1] = 0. Hence, d([f1,z1]) = 0.
We consider the following:

0=d([fi,21]) = iBriei + 05f1 + (Bi1 + 011) fot
=1
+> (i =1)Baufi + Z(i — 1)Bs,i9:-
1=3 =2

Thus, we now have the following conditions:
d(f1) = Be,1fr + a1 2f2 + 3,191 + Bawy + P52 + Pexs,

ma mo ms3
d(z1) = —a1per + Y _dviei+ Y S2ifi+ D 03igi + dexs.

1=2 =1 i=1

In a similar way we obtain

d(g1) = 2,1 1 + 73,191 + a1 292 + yaz1 + Y522 + Y63,

maq mao m3
d(x1) = —ar0e1 + Y 1€+ Y 2ifi+ Y 030
=2 i=1 i=1
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Applying the derivation property to the products of the algebra R(N, 3)
we derive

d(e;) =iag e +aigeipr, 1<i<my,
d(fi) = (1 = Dai1 + Bea)fi+arafizr, 1<i<mg,
d(gi) = (1 — Va1 +v3,1)9 + a1,20i41, 1 <1< ms.

Below we discuss the low level cohomology groups of R(N,3).
Theorem 3.4. Center(R(N,3)) =0 and HL*(R(N,3), R(N,3)) = 0.

Proof. As a consequence of Theorem [3.2] we see that the center of this
algebra is zero.
From the matrix form in Proposition RersRayy Rags Ras-

i+1, 1<z<m171

2 fi) = fix1, 1 <i<mgy — 1,
=Gi+1, 1 <i<mz—1,

ie

(

Re, (
er(T1) = —ex,
i 1 <i<my, (
z—l)g,,2<z<m37 (
= 1 <i<ms.

fZ):(Z_l)f’u 2§Z§m2a
To fz):fiv 1§'L§m27

PR

Thus, we have
Der(R) = 01Re;, + 2Ry + a3Ryy + 4Ry

O
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